
PHYSICAL REVIEW B 1 FEBRUARY 1999-IIVOLUME 59, NUMBER 6
Incoherent elastic-neutron-scattering study of the vibrational dynamics and spin-related
symmetry of protons in the KHCO3 crystal
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The potassium hydrogen carbonate crystal (KHCO3) and its deuterated analog (KDCO3) contain centrosym-
metric dimer entities (HCO3

2)2 , or (DCO3
2)2 , linked by moderately strong hydrogen or deuterium bonds. The

OH/OD bonds are virtually parallel to each other throughout the crystal. The incoherent elastic-neutron-
scattering functions~IENSF! S(Qx ,Qy ,Qz50,v50) andS(Qx ,Qy50,Qz , v50) were measured over the
momentum transfer range from;0 to ;30 Å21, with resolution ofDuQu;1 Å21. The components of the
momentum transferQx , Qy , and Qz were parallel to the mean directions of the stretching, in-plane, and
out-of-plane bending modes of protons or deuterons, respectively. For KHCO3, the broad incoherent scattering
peaks, centered atQ50, are not amenable to the IENSF calculated with various models: the single harmonic
oscillator, the double minimum potential, and the pair of coupled harmonic oscillators. Then, the degenerate
ground state of a pair of coupled protons is regarded as composed of indistinguishable fermions. According to
the Pauli principle, the symmetric and antisymmetric coordinates are singlet and triplet states, respectively. The
IENSF gives quantum interferences that compare favorably to the observations. The estimated mean-square
amplitudes in the ground state are amenable to isolated harmonic proton oscillators. Incoherent scattering for
KDCO3 is amenable to Gaussian profiles for bosons. There is no evidence for quantum interference. The
profile narrowing reveals an increase of the mean-square amplitudes attributed to a rather large coupling of the
deuteron dynamics to the crystal lattice.@S0163-1829~99!03305-6#
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I. INTRODUCTION

Nowadays, incoherent inelastic-neutron-scattering~INS!
spectra, obtained over a rather large energy transfer ra
~e.g., from;0 to 4000 cm21 with the TFXA spectrometer a
the ISIS pulsed neutron source, Rutherford Appleton La
ratory, UK!, provide information on the vibrational dynamic
in solids that cannot be obtained with the optical techniq
~infrared and Raman!. Although the INS technique is rathe
young, it has already had a spectacular impact on two cen
problems of vibrational spectroscopy: the relevance of n
mal modes to represent vibrational spectra and the quan
transfer of protons within double minimum potential wells1

A. Normal versus localized modes

It is widely accepted that vibrational dynamics of atom
and molecules are reasonably well represented with nor
coordinates.2 Unfortunately, band intensities measured w
the optical techniques cannot be fully exploited, and fo
fields refined with respect to the observed frequencies o
are largely underdetermined.

With the INS technique, force fields can be refined w
respect to the full spectral profiles including both frequenc
and intensities.3–9 The incoherent scattering cross section
protons being about one order of magnitude greater than
any other atom, this INS technique is most powerful for h
drogenous samples.

When harmonic force fields are used to represent lo
atom-atom interactions in molecular crystals, the mean p
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tions of the protons that oscillate at high frequency~internal
modes! follow adiabatically the slow lattice vibrations corre
sponding to translational and librational motions of t
heavy molecular entities, usually referred to as exter
modes in this context. This riding effect should give rise
large intensities for the lattice modes at low frequency a
the intensities of the internal molecular vibrations should
depressed dramatically by the Debye-Waller factor.8 Conse-
quently, it has been speculated that internal modes ab
;1000 cm21 should be almost invisible with INS. Howeve
this is largely in error. For example, CH stretching mod
were observed at;3000 cm21 and the role of the Debye
Waller factor had to be reconsidered.4–7

More recently, it has been shown that the INS spectrum
potassium hydrogen carbonate (KHCO3) cannot be repre-
sented with conventional harmonic force fields.10 The ob-
served lattice-mode intensity is far too weak. The prot
dynamics almost totally decoupled from the heavy atoms
better represented with localized modes in a ‘‘fixed’’~labo-
ratory! referential frame. From the standpoint of the IN
spectrum, KHCO3 can be regarded as a crystal of protons
weakly coupled to the surrounding atoms that the framew
of carbonate and K1 ions can be virtually ignored. Dynami
cal models are thus greatly simplified. This view is not sp
cific to the ionic nature of the crystal.11,12

These results severely undermine the representation o
brational spectra with usual normal modes. However,
phenomenological approach proposed so far lacks of con
with physics. It has been recently speculated that the dec
pling of the proton dynamics from the crystal lattice could
4134 ©1999 The American Physical Society
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PRB 59 4135INCOHERENT ELASTIC-NEUTRON-SCATTERING STUDY . . .
a consequence of the spin correlation for indistinguisha
fermions, according to the Pauli principle.13 Then, incoherent
elastic-neutron-scattering~IENS! measurements of KHCO3
should reveal quantum interferences. As opposed to
quantum interferences should not be observed for KDC3
~bosons! and the deuteron dynamics could be coupled to
lattice.

B. Proton transfer

The proton transfer along pre-existing hydrogen bond
one of the simplest chemical reactions which is of great
portance in many fields in physics, chemistry, a
biology.14–19 KHCO3 is a prototypical system for proto
transfer dynamics10,20,21 because the crystal contains ce
trosymmetric dimer entities (HCO3

2)2 ~Fig. 1!, and this
structure remains unchanged from 298 to 98 K.22,23 ~We are
not aware of any diffraction work at a lower temperatur!.
The hydrogen bond with length ŌO52.587 Å ~2.607 Å
for KDCO3! is moderately strong.24 At 298 K protons are
disordered between two sites located at;60.3 Å off-center
of the hydrogen bond, with population ratio of;1:4.

Tunneling for proton transfer is best observed for t
stretching vibration along the reaction path. In the infrar
and Raman this mode gives broad bands, with several
maxima between 1800 and 3500 cm21,25–27 amenable to a
quasisymmetric double minimum potential.20 The ‘‘tunnel-
ing’’ transition for the quantum transfer of a single proto
was observed at 216 cm21 with the INS technique.10 ~There
is no evidence for double minimum potential along the be
ing modes.! Surprisingly, the ‘‘tunneling’’ band is rathe
sharp. On the one hand, this confirms that the proton tran
is largely decoupled from the heavy atom dynamics, in l
with the remainder of the spectrum. On the other hand, th
in contrast to the ‘‘phonon-assisted tunneling’’ model18 that
supposes a large modulation of the double minimum po
tial by the ~O¯O! low-frequency modes of the hydroge
bond. Tunneling transitions observed in various hydrog
bonds are quite similar.28

C. The neutron-scattering function

For proton dynamics studies, INS spectra can be m
sured over a range of momentum transferQ5k i2k f with

FIG. 1. Schematic view of the crystalline structure of KHCO3

after Ref. 22.
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uk i u52p/l i anduk f u52p/l f , wherel i andl f are the inci-
dent and scattered wavelengths, respectively. Owing to
large incoherent scattering cross section for protons, c
pared to other atoms~see Table I!, the scattered intensity ca
be represented with the incoherent neutron-scattering fu
tion ~INSF!8

S~Q,v!5u^C f~r !uexp~ iQ•r !uC i~r !&u2d~Ei f 2\v!, ~1!

whereC i(r ) and C f(r ) are the wave functions, dependin
on the spatial coordinater , in the initial and final states
respectively.Ei f is the energy of the transition and\v is the
neutron energy transfer. The spectral profile inQ contains
spatial information on the wave functions.

The peculiar aspects of the proton dynamics in KHC3
presented above were derived from INS data collected w
the TFXA spectrometer.10 For this instrument, momentum
and energy transfers are correlated as\v;\2Q2/2mn ,
wheremn is the neutron mass. Therefore, important inform
tion on the proton dynamics is lacking.

With the MARI spectrometer at the ISIS pulsed neutro
source, the INSF can be measured over the rather largeuQu
range required for a complete representation of the pro
dynamics~for example from;0 to ;30 Å21 for elastic scat-
tering with an incident energy of;500 meV!. In this paper,
only the incoherent elastic-neutron-scattering funct
~IENSF! is considered. TheS(Q, v50) provides a model
independent view of the wave function in the ground sta

With single crystals, the IENSFS(Qx ,Qy ,Qz , v50) can
be measured for momentum transfer along specific dir
tions. In the KHCO3 (KDCO3) crystal, OH~OD! bonds are
virtually parallel to each other~see Fig. 1! andQx , Qy and
Qz were chosen parallel to the mean directions of the pro
or deuteron modes: stretching~n OH/OD!, in-plane bending
~d OH/OD! and out-of-plane bending~g OH/OD!, respec-
tively. Two slices of the IENSF in the (Qx ,Qy) and
(Qx ,Qz) planes for KHCO3 ~Figs. 2 and 3! and one slice in
the (Qx ,Qz) plane for KDCO3 ~Fig. 4! were obtained~for
experimental details see Sec. II!.

Both coherent~diffraction! and incoherent scattering con
tribute to the maps of intensity. For KHCO3 incoherent scat-
tering by protons gives a broad peak centered atQ50. There
is no incoherent scattering by C and O atoms and the co
bution of K atoms is negligible~Table I!. In order to opti-
mize the signal-to-noise ratio we have symmetrized the m
of intensity. ForS(Qx ,Qy,0) this is straightforward since th
reciprocal lattice is orthogonal. The reciprocal lattice f
S(Qx ,Qz,0), on the other hand, is not orthogonal and u
folding the map introduces symmetry elements that do

TABLE I. Thermal neutron-scattering cross sections in bar
according to Ref. 29.

Spin Coherent Incoherent Absorption

1H 1/2 1.76 79.91 0.33
2D 1 5.60 2.04 0.00
12C 0 5.56 0 0.00
16O 0 4.23 0 0.00
39K 3/2 1.81 0.25 2.1
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4136 PRB 59S. IKEDA AND F. FILLAUX
exist in the crystal. This is of negligible impact for the ana
sis of diffuse incoherent scattering.

Coherent scattering gives Bragg peaks. However,
MARI spectrometer is not suited to diffraction measu
ments. The pixel size determined by the experimental re
lution in uQu ~;1 Å21! is comparable to the size of the un
cell in the reciprocal plane (Qx ,Qy) and much larger
in (Qx ,Qz). Consequently, most of the Bragg peaks a
not resolved and give a smoothed background intensity
portional to the coherent scattering cross section.
KHCO3, this background is negligible. However, sha
peaks are observed at rather large momentum transfer va
(uQu.10 Å21), far beyond theQ range measured in prev
ous diffraction works.22,23Unfortunately, it is not possible to
index these peaks unambiguously. In addition, regarding
rather large crystal size, multiple coherent scattering eve
cannot be excluded. Therefore, these peaks are not discu
any further in this paper. The data analysis and discus
presented below are focused on the IENS profiles.
KDCO3, the incoherent scattering cross section of the
atom is rather weak and coherent scattering is most im
tant ~see Table I!.

D. The proton dynamics

For KHCO3, the isointensity contours~Figs. 2 and 3! and
cuts along the vibrational modes are quite different from

FIG. 2. KHCO3: S(Qx ,Qy,0) with Qx andQy parallel to the
dimer planes, along thea andb crystal axes, respectively. Intens
ties were integrated over210 cm21,\v,10 cm21. ~A! landscape
view; ~B! isointensity contour map.
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shapes anticipated for harmonic oscillators, or double m
mum potentials or pairs of coupled oscillators~see Secs.
IV A, B, C, below!. The IENSF calculated for pairs o
coupled fermions with spin correlation13 compares favorably
to the observation~see Sec. IV D, below!. The major output
of this analysis is that quantum interferences are likely.
addition, the estimated mean-square amplitudes for pro
modes~see Table II! correspond to well-isolated harmon
oscillators, and this conclusion is model independent.

For the deuterated analog~see Fig. 4! cuts alongQx and
Qz are amenable to the Gaussian profiles for harmonic os
lators. There is no evidence for quantum interferences
addition, the profiles are much narrower than anticipated
the deuterons~like protons! were amenable to isolated ha
monic oscillators. It is concluded that the deuteron dynam
are largely coupled to the lattice.

II. EXPERIMENT

A. Crystal structure and symmetry

The KHCO3 crystal is monoclinic, space grou
P21 /a(C2h

5 ), with four KHCO3 entities per unit cell
~a515.1725 Å, b55.6283 Å, c53.7110 Å,
b5104.631°!.22 The centrosymmetric dimers (HCO3

2)2 , oc-

FIG. 3. KHCO3: S(Qx ,Qz,0) with Qx parallel to the long
dimer axis andQz perpendicular to the dimer plane. Intensities we
integrated over210 cm21,\v,10 cm21. ~A! landscape view;~B!
isointensity contour map.
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cupy Ci sites. They are parallel to the~103! planes at 14°
with respect to the~a,b! planes.

Two single crystals of KHCO3 with cylindrical shapes
~diameter;1 cm, length;3 cm! were studied. The cylinde
axes were oriented either perpendicular to the dimer pla
~sample I! or parallel to the projections of theb crystal axis
onto the ~103! planes ~samples II!. The single crystal of
KDCO3 ~sample II D withD/H.99.9%! was analogous to
sample II.

B. Spectra

The MARI spectrometer at the ISIS pulsed neutron sou
is a direct geometry spectrometer. The detectors cont
ously cover all the angles from 3° to 135°, all with the sam
length of secondary flight path~;4 m!. For each sample
dimer planes were either parallel or perpendicular to
plane containing the detector bank and the incident be
The incident energy wasEi;500 meV (l i;0.4 Å) with
resolution ofDEi /Ei;2%.

Measurements were carried out in such a way that
momentum transfer was either parallel or perpendicula
the mean dimer plane. The cylinder axis~Z! of the crystal
was oriented perpendicular to the~X,Y! plane containing the
detector bank~Fig. 5! and theX axis is parallel to the inci-
dent wave vector (k0). Only neutrons scattered almost pa

FIG. 4. KDCO3: S(Qx ,Qz,0) with Qx parallel to the long
dimer axis andQz perpendicular to the dimer plane. Intensities we
integrated over210 cm21,\v,10 cm21. ~A! landscape view;~B!
isointensity contour map.
es

e
u-
e

e
.

e
o

allel to the~X,Y! plane (QZ;0) illuminate the detectors and
in the measurements under consideration, only those n
trons whose final energy is equal to the incident energy
selected (\v;0).

The orientation of the crystal with respect to the incide
beam~f! was rotated from 0 to 180°, by steps of 12°,
order to probe a half plane in reciprocal space~see Fig. 5!.
Data were converted from counts per channel per angl
S(Qi ,Qj ,v) with standard procedures. In order to minimiz
the contribution of inelastic scattering, the maps of intens
were obtained after integration from210 to 10 cm21.

C. Multiple scattering

Using standard values, the incoherent cross section
cm3 of KHCO3 is S inc(H);1 cm21. Absorption is negli-
gible. The neutron mean free path~;1 cm! is on the order of
the crystal size and the probability of measuring multip
scattering events must be estimated. In order to minim
these effects, we take advantage of the MARI spectrom
geometry and of the shape of the sample.

Using the averaged sample size alongX (4R/p
;0.64 cm), the neutron transmission is;0.55. The prob-
ability for a first scattering event isP1;0.45. With an inci-
dent energy of 500 meV, incoherent scattering for the
→0, 0→1, and 0→2 transitions between proton state
can occur with probabilities;0.53, 0.27, and 0.20, respec
tively. Therefore, elastic scattering occurs for;24% and
inelastic scattering for;21% of the incident neutron flux
in the sample (F0). This is a rough estimation that doe
not account for the real density of states. The aperture
the detector bank along theZ axis is ;14°. Conse-
quently,;25% of the neutrons undergoing elastic scatter
~;6% of F0! haveuQZu values required to reach the dete
tors (uQZu,2 Å21).

For a hydrogenated sample at low temperature, the en
constraints~\v11\v2;0 and\v1@kT! eliminate most of
neutrons undergoing inelastic scattering from the meas
ments. Practically, only multiple elastic-scattering eve

FIG. 5. Left: schematic representation of the sample orientat
The diameter is 1 cm and the length 3 cm.k0 is the incident wave
vector (uk0u;15.7 Å21). The detector bank and the crystal axei
and j are in the~X,Y! plane. Right: elastic scans in the (Qi ,Qj )
plane for various crystal orientations~f!.
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4138 PRB 59S. IKEDA AND F. FILLAUX
must be considered. The averaged location in the~X,Y! plane
of the first scattering event is at the center of the sample.
mean path length for those neutrons which have been s
tered once is virtually independent ofQX and QY . For QZ
52k0 sin(uZ/2) the mean path length isR/cosuZ , for uZ
<70°, and 1.5R for 70°<uZ<90°, with R;0.5 cm ~see
Fig. 5!. Numerical calculations of the transmission fact
T(QZ)5exp$2Sinc(H)R/cos@2 arcsin(QZ/2k0)#% confirm
that the mean transmission factor is very similar to the tra
mission for the mean path length.

The probability p2(QZ) for double incoherent elastic
scattering events with successive momentum transfersQZ
and 2QZ is proportional to the square of the normaliz
scattering law. Within the harmonic approximation,

p2~QZ!;0.24@12T~QZ!#
u0Z

2

p
exp~22u0Z

2 QZ
2!

decreases rapidly for largeQZ values. Withu0Z
2 50.01 Å2,

PZ25*p2(QZ)dQZ;0.0017. This value is underestimate
because the constraint forQZ is not strictly zero. With

E
22

2

exp@22u0Z
2 ~QZ

22qZ
2!#dqZ;4 exp~22u0Z

2 QZ
2!,

a probability of;0.007 is more realistic. Compared to th
probability for incoherent elastic-scattering events at sm
QZ values ~;0.06!, the contribution of double-scatterin
events is;10% of the measured signal. The probability f
more than two successive incoherent elastic-scattering ev
is negligible.

These calculations are only indicative. Nevertheless, t
demonstrate that the spectrometer related constraintQZ1
1QZ2,2 Å21 cancels contributions of most multiple inco
herent elastic-scattering events with nonzero momen
transfer along theZ axis. The main contribution to multiple
scattering is due to those neutrons which have been scat
elastically twice withQZ1 and QZ2,2 Å21 ~;6% of the
measured signal!.

Multiple scattering of;10% has little consequences o
the measurements of incoherent scattering~see Fig. 6!. The
widths are changed by less than 1%. According to numer
simulations for 25% and 50% multiple scattering, the wid
are increased by;4% and 10%, respectively. Therefor
multiple-scattering effects should be negligible, compared
other experimental errors. This is largely confirmed by
data analysis presented below. For KDCO3, multiple inco-
herent scattering events can be ignored. The situatio
totally different for multiple coherent scattering which ma
give rise to Bragg-like peaks for both KHCO3 and KDCO3.

III. PAIRS OF COUPLED OSCILLATORS: THEORY

In KHCO3, intra- and interdimer coupling terms can b
distinguished with optical and INS techniques. The
tradimer terms give band splitting intoBu andAg symmetry
species observed in the infrared and with Ram
respectively.25–27The splitting is quite different for the thre
modes:;200, 60, and 40 cm21 for the stretching, in-plane
and out-of-plane bending, respectively. The INS techniq
on the other hand, probes the density of states due to in
dimer coupling terms. However, the observed bandwidths
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the proton modes are similar with the three techniques. C
sequently, interdimer coupling terms can be neglected
the proton dynamics for each degree of freedom can be
resented with two identical harmonic oscillators with massm
moving along collinear coordinatesx1 , x2 , and coupled to
one another. The Hamiltonian is30

H5
1

2m
~P1

21P2
2!1

1

2
mv0x

2 @~x12x0!2

1~x21x0!212lx~x12x2!2#. ~2!

P1 andP2 are the kinetic momenta. The harmonic frequen
of the uncoupled oscillators at equilibrium positions6x0 is
v0x . The coupling potential proportional tolx depends only
on the distance between the pendula. The equilibrium p
tions of the coupled oscillators are at6x0856x0 /(1
14lx).

A. Normal coordinates

Normal coordinates are symmetric (xs) and antisymmet-
ric (xa) displacements of the particles. For the sake of s
plicity, it is convenient to use normalized coordinates cor
sponding to an effective mass ofm for each mode

xa5
1

&
~x11x2!, Pa5

1

&
~P11P2!,

~3!

xs5
1

&
~x12x2!, Ps5

1

&
~P12P2!.

Substitution in Eq.~2! gives the desired separation of th
normal modes

H5H Pa
2

2m
1

1

2
mv0x

2 xa
2J 1H Ps

2

2m
1

1

2
mv0x

2 ~114lx!

3@xs2&x08#2J 1mv0x
2 x0

2 4lx

114lx
. ~4!

The normal frequencies are then

FIG. 6. Comparison of the incoherent profiles due to single a
double elastic scattering events with probabilities 1 and 0.1, res
tively. Solid lines: harmonic oscillator withu0

250.01 Å2. Dash
lines: coupled fermion oscillators@according to Eq.~17!# with the
sameu0

2 values andx0850.3 Å. The profiles for double scatterin
~curves 2 and 4! are self-convolutions of the profiles for singl
scattering~curves 1 and 3, respectively!.
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va5v0x and vs5v0xA114lx. ~5!

The quantization of the normal coordinates gives30

Cas5Ca
a~xa!3Cs

s ~xs2&x08!,

and

Eas5S a1
1

2D\va1S s1
1

2D\vs . ~6!

B. Spin-related symmetry in the ground state

The wave function for the degenerate ground state in
~6! is relevant only for bosons. For fermions, spins are c
related in such a way that the total wave function is antisy
metrical with respect to particle permutations, according
the Pauli principle. The spatial part of the wave function
symmetrical (Q01) for the singlet state (S50) and antisym-
metrical (Q02) for the triplet state (S51)

Q06~x1 ,x2!5
1

&
C0

a~xa!@C0
s~xs2&x08!6C0

s~xs1&x08!#.

~7!

These wave functions apply to any pair of coupled proto
irrespective of the distance and of the magnitude of the c
pling term, provided it is not zero. The Pauli principle im
poses the symmetry of the wave function while the grou
state remains degenerate. It is no longer possible to dis
guish the spin operators for each nucleus. A pair of coup
protons must be regarded as a composed boson with spS
51.

C. Vibrational coupling

In the KHCO3 crystal, protons are engaged in hydrog
bonds between two carbonate entities (CO3

22) forming cen-
trosymmetric dimers. If there is no coupling term betwe
the protons and the dimer oscillations, the dynamics is r
resented with symmetric and antisymmetric normal coo
nates for the proton modes (xs ,xa) and for the dimer modes
~sayXs ,Xa!. ~For the sake of clarity, we consider only tw
sets of normal coordinates!. In the boson case the wave fun
tion analogous to Eq.~6! is

J0~x1 ,x2 ,X1 ,X2!5C0
a~xa!C0

s~xs2&x08!F0
a~Xa!

3F0
s~Xs2&X08!. ~8!

Here, the equilibrium positions for the dimer coordinates
at 6X08 .

Alternatively, if nuclear spins are taken into conside
ation, the wave function in the ground state is antisymme
cal with respect to proton permutation and it is invariant
permutation of the CO3

22 entities, since carbon and oxyge
atoms are bosons. The wave function analogous to Eq.~8! is
q.
-
-
o

s,
u-

d
n-
d

n
p-
i-

e

-
i-
r

J06~x1 ,x2 ,X1 ,X2!5
1

&
C0

a~xa!@Cs0~xs2&x08!

6C0
s~x21&x08!#F0

a~Xa!

3F0
s~Xs2&X08!. ~9!

If protons and dimers are coupled via nonzero off-diago
elements in the dynamical matrix, fermions and bosons c
not be separated and it is not possible to define antisym
trized wave functions analogous to Eq.~9!. However, this is
in conflict with the Pauli principle since the two protons a
indistinguishable in the ground state. Therefore, the dyna
ics of a pair of indistinguishable~coupled! fermions must be
uncorrelated~uncoupled! to the lattice dynamics.

For systems containing several sets of indistinguisha
fermions, for instance KH13C17O3, the wave function should
be antisymmetrized with respect to permutations for each
of indistinguishable fermions~H, 13C, and 17O, respec-
tively!. Nonzero off-diagonal elements mixing different se
of indistinguishable fermions with each other or with bos
coordinates are forbidden.

The factorization of the wave function may account f
the localized proton modes introduced empirically on t
basis of previous observations.10–12 This decoupling, ob-
served for different systems, is not likely due to acciden
cancellation of off-diagonal elements. It could also acco
for the observation of well-defined bands at high energy a
momentum transfer values in molecular crystals4–7 since the
lattice modes should not contribute to the attenuation fac
for the proton modes. Finally, the factorization of the wa
function could be a limitation to the phonon-assisted tunn
ing model.17 However, large anharmonicity may also co
tribute to the separation of the dynamics of light and hea
particles.

The Pauli principle applies only to the degenerate grou
state. The excited vibrational states have no degeneracy@see
Eq. ~6!# and the dynamics can be represented with us
normal modes including all atomic coordinates. Therefo
the normal coordinates could be different in the ground a
excited states. In addition, force fields could be different
hydrogenated and deuterated analogs.

IV. SCATTERING FUNCTIONS: COMPARISON
WITH EXPERIMENTS

In order to establish the specific manifestations of s
correlations, the IENSF for the harmonic oscillator, for t
double minimum potential and for pairs of coupled oscil
tors composed of either bosons or fermions are calculat13

and compared to the observations. For each model, the
served profiles are decomposed into the IENSF profile
triangular functions corresponding to other scattering p
cesses~for instance, Bragg reflections, see Figs. 7–14!. The
numerical values for the best fits given in Table II we
obtained with a least-squares procedure allowing all par
eters to be adjusted.

A. Harmonic potential

The IENSF is Gaussian in shape, centered atQx50:

S~Qx ,v!5exp~2Qx
2u0x

2 !d~v!. ~10!
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The mean-square amplitude

u0x
2 5^C0~x!ux2uC0~x!&5

\

2mv0x
. ~11!

The best fits to cuts ofS(Qx ,Qy,0) along then OH andd
OH modes~Figs. 7 and 8! give mean-square amplitudes~see
Table II! close to those anticipated for the very anharmo
potential of the stretching mode10,20,21 and for the almost
harmonic potential of the in-plane bending mode. Simi
results were obtained for cuts ofS(Qx ,Qz,0) ~see Table II!.
However, it is necessary to include a rather large numbe
triangular functions.

B. Double minimum potential

For a single particle in a symmetrical double minimu
potential the ground state splits into two sublevels, symm
ric (01) and antisymmetric (02), respectively.E022E01

5\v02 is the tunnel splitting. If the potential barrier is su
ficiently high, convenient approximations of the wave fun
tions are symmetrical and antisymmetrical combinations
harmonic wave functions centered at the potential mini
6x0

C06~x!5
1

A2@16exp~2x0
2/2u0x

2 !#
@C0~x2x0!

6C0~x1x0!#. ~12!

FIG. 7. KHCO3: cut of S(Qx ,Qy,0) at 620° with respect to
Qx . Comparison of the measured profile~solid line with error bars!
to the best fit~dash line! obtained with a harmonic profile~u0x

2

50.9931022 Å 2, \v0x51690 cm21! and eight triangular func-
tions ~solid line and* ! attributed to other scattering processes. T
dash line with error bars is the difference spectrum.
c

r

of

t-

-
f
a

The scattering functions are

S~Qx ,v!01015
1

11exp~2x0
2/2u0x

2 !

3UFcos~Qxx0!1expS 2
x0

2

2u0x
2 D G

3expS 2
Qx

2u0x
2

2 DU2

d~v!,

S~Qx ,v!01025S~Qx ,v!0201

5
1

A12exp~2x0
2/u0x

2 !
U i sin~Qxx0!

3expS 2
Qx

2u0x
2

2 DU2

d~v026v!, ~13!

S~Qx ,v!02025
1

12exp~2x0
2/2u0x

2 !

3UFcos~Qxx0!2expS 2
x0

2

2u0x
2 D G

3expS 2
Qx

2u0x
2

2 DU2

d~v!.

FIG. 8. KHCO3: cut of S(Qx ,Qy,0) alongQy . Comparison of
the measured profile~solid line with error bars! to the best fit~dash
line! obtained with a harmonic profile~u0y

2 51.2531022 Å 2,
\v0y51340 cm21! and eight triangular functions~solid line and* !
attributed to other scattering processes. The dash line with e
bars is the difference spectrum.
TABLE II. Estimated mean-square amplitudesu0
2 and \v0 (cm21)516.759/u2 (Å 2) along Qx

~n OH/OD!, Qy ~d OH! andQz ~g OH/OD! in the (Qx ,Qy) and (Qx ,Qz) planes. Best fits were obtained with
the harmonic model, Eq.~10!, and with Eq.~17! for quantum interferences. In this latter case,r 0 is the
half-distance between two correlated protons.

Map Q KHCO3 KDCO3

Harmonic Quantum interferences Harmonic
u0

2 (1022 Å 2) \v0 (cm21) u0
2 (1022 Å 2) \v0 (cm21) r 0 ~Å! u0

2 (1022 A2)

S(Qx ,Qy,0)
Qx 0.9960.05 1690660 0.9460.02 1780640 0.3160.02
Qy 1.2560.05 1340650 1.2660.02 1325630 0.3160.02

S(Qx ,Qz,0)
Qx 0.7960.05 2110680 0.8460.02 2000650 0.3360.02 0.9160.05
Qz 1.2960.05 1300650 1.3660.02 1230620 0.2560.02 2.3160.05
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The periodical terms account for the interference betw
neutrons scattered by protons delocalized over the two s
For elastic scattering,S0101 andS0202 give an interference
pattern analogous to the optical fringes for two slits se
rated by 2x0 whose widths areu0x

2 . The intensity is a maxi-
mum atQxx05np. It can be observed only with sufficien
energy resolution. Otherwise, the interference pattern du
S0102 andS0201 , which correspond to inelastic scatterin
at 6\v02 , is measured simultaneously. Then, the summ
tion of sin2(Qxx0) and cos2(Qxx0) factors in Eq.~13! gives a
spectrum very similar to, and practically indistinguishab
from that of a harmonic oscillator. Very similar conclusio
apply to quasisymmetrical double minimum potentials.

The cut along the stretching mode direction~Fig. 7! re-
veals secondary maxima of intensity at;65 Å21. If they
were due to proton tunneling, the distance between the
potential minima should be 2x0;1.2 Å. This is about twice
the distance consistent with the crystal structure and with
asymmetrical double minimum potential function previous
proposed for the stretching coordinate.10 In addition, similar
profiles are observed for cuts along the bending modes~for
example, see Fig. 8!, whereas the potential is single min
mum. Therefore, the observed profiles cannot be attribute
proton tunneling.

C. Pair of coupled bosons

With the wave function given in Eq.~6!, the IENSF

S~Qx ,v!5$u^C0
s~xs2&x08!C0

a~xa!uexp~ iQxx1!u

3C0
s~x22&x08!C0

a~xa!&u2

1u^C0
s~xs2&x08!C0

a~xa!uexp~ iQxx2!u

3C0
s~xs2&x08!C0

a~xa!&u2%d~v! ~14!

gives

S~Qx ,v!52 expF2Qx
2S u0x

2

2A114lx

1
u0x

2

2 D Gd~v!.

~15!

The Gaussian profile is analogous to Eq.~10!. Practically, it
is impossible to distinguish coupled pairs of bosons and
lated oscillators.

D. Pair of coupled fermions

In KHCO3 the spin-spin interaction for protons separat
by ;2 Å is on the order of 104 Hz while the exchange
integral and tunnel splitting are negligible. In addition, the
is no relaxation by phonons if the proton dynamics a
decoupled from the lattice. Therefore, quantum coh
ence might survive on a rather long time scale (;1024 s), if
there is no further relaxation mechanisms. The neutron
locity (;104 ms21) and the coherence length (l2/2Dl
;20 Å) are such that quantum coherence in the ground s
is probed on a sufficiently short time scale (;10212s) to
observing interferences.13

The singlet and triplet states are formally analogous to
para and ortho species of the hydrogen molecule.8 However,
for a pair of indistinguishable fermion oscillators, the inte
n
s.
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ference effects due to spin correlation combine with tho
due to indistinguishable particles: the scattering amplitu
operatorb&1(b&2) can be at site 1~2! or 2 ~1!. With the wave
functions given in Eq.~7!, the IENSF

S~Qx ,v!5u^Q06uexpiQx~x12x08!

6expiQx~x11x08!uQ06&u21u^Q06u

3expiQx~x22x08!

6expiQx~x21x08!uQ06&u2d~v! ~16!

gives

S~Qx ,v!010152 cos2~Qxx08!Fcos~Qxx08!

1expS 2
x08

2

2u0x
2 D G2

3expF2Qx
2S u0x

2

2A114lx

1
u0x

2

2 D Gd~v!,

S~Qx ,v!01025S~Qx ,v!020152 sin4~Qxx08!

3expF2Qx
2S u0x

2

2A114lx

1
u0x

2

2 D Gd~v!,

S~Qx ,v!020252 cos2~Qxx08!Fcos~Qxx08!

2expS 2
x08

2

2u0x
2 D G2

3expF2Qx
2S u0x

2

2A114lx

1
u0x

2

2 D Gd~v!.

~17!

The Gaussian profile, analogous to Eq.~15! for bosons, is
modulated by sin4(Qxx08) and cos4(Qxx08) factors. The expo-
nential terms are negligible forx08

2/2u0x
2 @1. In contrast to

the double minimum potential, the interference pattern c
be observed for the degenerate ground state with maxim
intensity atQxx085np for S(Qx ,v)0101 or S(Qx ,v)0202

and at Qxx085(n11/2)p for S(Qx ,v)0102 or
S(Qx ,v)0201 ~see Fig. 6, curve 3!.

The best fits to cuts ofS(Qx ,Qy,0) and S(Qx ,Qz,0)
alongn OH, d OH, andg OH modes, obtained with Eq.~17!
are presented in Figs. 9–12. The mean-square amplitu
very similar to those derived previously with Eq.~10! ~see
Table II!, are largely model independent. However, the nu
ber of triangular functions is less with Eq.~17!. Only the
Bragg-like peaks at large momentum transfer~.15 Å21! are
not accounted for. The peaks at lowuQu values ~,3 Å21!
may be due to multiple-scattering contributions more pro
able in thisuQu range.

Quantum interferences account for maxima of intens
observed at;65 Å21, which are maxima ofS(Q,v)0102 or
S(Q,v)0201 , and for weaker shoulders at;610 Å21,
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which are secondary maxima ofS(Q,v)0101 or
S(Q,v)0202 . These features occur for virtually allQ direc-
tions ~see Figs. 2 and 3!. They cannot be confused wit
Bragg-like reflections.

E. Discussion

1. Quantum interferences

The x08 , y08 and z08 values of;0.3 Å derived from the
experiments~r 0 in Table II! do not correspond to distance
between proton sites in the crystal structure. The shor
distance between protons is;2.25 Å within a dimer and
protons in different dimers are much further away. Altern
tively, the distances between projections of the proton p
tions ontoQx , Qy , andQz are close to 2x08 , 2y08 , and 2z08 ,
respectively. AlongQx , 2x08 is the distance between the tw
proton sites of a dimer. AlongQy , 2y08 is the shortest dis-
tance between the projections of protons belonging to a
cent dimers~for example, those labeled 1 and 2 in Fig. 1!.
The great similarity of 2x08 and 2y08 is in accord with the
crystal structure as theb unit-cell parameter~;5.6 Å! is
twice the size of a dimer along the same direction~;2.25 Å!

FIG. 9. KHCO3: cut of S(Qx ,Qy,0) at 620° with respect to
Qx . Comparison of the measured profile~solid line with error bars!
to the best fit~dash line! obtained with Eq.~17! and four triangular
functions~solid line and* ! attributed to other scattering processe
u0x

2 50.9431022 Å 2 (\v0x51780 cm21); x0850.31 Å. The dash
line with error bars is the difference spectrum.

FIG. 10. KHCO3: cut of S(Qx ,Qy,0) alongQy . Comparis-
on of the measured profile~solid line with error bars! to the best
fit ~dash line! obtained with Eq.~17! and six triangular functions
~solid line and * ! attributed to other scattering processes.u0y

2

51.2631022 Å 2 (\v0y51325 cm21); y0850.31 Å. The dash line
with error bars is the difference spectrum.
st

-
i-

a-

plus twice;2y08 .22 Along Qz , interferences arise becaus
protons are located out of the middimer plane. With an O
bond length ~l! of ;1 Å,22 the estimated value forz08
5 l sinu gives a deviation~u! of 614°. Therefore, the OH
bonds should be almost parallel to the~a,b! crystal plane.

The quantum interferences reveal that proton spins
correlated in the~103! plane, should they belong or not to th
same dimer entity. The spin correlation is observed for rat
large distances in real space. Ther 0 values indicate that neu
trons are scattered coherently by lines of protons paralle
the ~103! planes.

2. The proton dynamics

The mean-square amplitudes given in Table II are vir
ally model independent and close to those anticipated
isolated proton oscillators. Systematic deviations arise
cause the momentum transfer directionsQx , Qy , andQz are
not exactly parallel to the proton modes. This is an unavo
able consequence of the crystal structure~Fig. 1!. The dy-
namics alongQx include minor contributions of the bendin
modes which increaseu0x

2 , while u0z
2 is diminished by con-

tributions of the stretching mode. Foru0y
2 the stretching and

.

FIG. 11. KHCO3: cut of S(Qx ,Qz,0) alongQx . Comparison
of the measured profile~solid line with error bars! to the best fit
~dash line! obtained with Eq.~17! and six triangular functions
~solid line and * ! attributed to other scattering processes.u0x

2

50.8431022 Å 2 (\v0x52000 cm21); x0850.33 Å. The dash line
with error bars is the difference spectrum.

FIG. 12. KHCO3: cut of S(Qx ,Qz,0) alongQz . Comparison of
the measured profile~solid line with error bars! to the best fit~dash
line! obtained with Eq.~17! and six triangular functions~solid line
and * ! attributed to other scattering processes.u0z

2 51.36
31022 Å 2 (\v0z51230 cm21); z0850.24 Å. The dash line with
error bars is the difference spectrum.
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out-of-plane bending modes have opposite contributio
Fortunately, the deviation of the OH bond from the ide
orientation is no more than 20° and the contamination
other modes is less than 10%.

For the stretching mode,u0x
2 derived fromS(Qx ,Qy,0)

is in accord with the double minimum potenti
function.25–27 A numerical calculation of the wave functio
gives the same value. This remarkable agreement confi
that multiple-scattering and/or crystal misalignment effe
are negligible. ~Both they should diminishu0x

2 !. The
smaller amplitude derived fromS(Qx ,Qz,0) could reflect the
large anisotropy of the double minimum potential since
momentum transfer is along the long dimer axis
S(Qx ,Qz,0), or along the OH bond direction fo
S(Qx ,Qy,0).

For the in-plane bending mode,u0y
2 is slightly greater than

anticipated from the vibrational frequency at 1385–14
cm21.10 The discrepancy of;5% is representative of th
accuracy of the measurements. Anharmonicity is unlikely
increaseu0y

2 .
For the out-of-plane bending mode,u0z

2 5(1.75
60.02)1022 Å 2 is smaller than anticipated for a harmon
oscillator. However, such a large anharmonicity is not c
firmed by the vibrational spectra.25–27 Some contribution of
the stretching mode is likely.

The mean-square amplitudes for the O atoms
rived from x-ray diffraction at 95 K areU0xO

2 ;U0yO
2 ;

0.531022 Å 2 and U0zO
2 ;2.231022 Å 2.22 If the protons

were riding the O atoms, the observed mean-square am
tudes should beu0i

2 5u0iH
2 1U0iO

2 , with i 5x, y or z ~;1.4,
1.75, and 3.5 in 1022 Å 2 units, respectively!. The observed
profiles are too broad to be amenable to protons riding
atoms.

The proton dynamics in the ground state were previou
measured with the neutron Compton scattering~NCS! tech-
nique which probes the mean kinetic momentum^p0

2&.21 For
an isolated harmonic oscillator^p0

2&^u0
2&51/4 with ^p0

2& and
^u0

2& in Å22 and Å2 units, respectively. For the stretching an
out-of-plane bending modes the NCS and IENS meas
ments give^p0x

2 &^u0x
2 &50.250 and^p0z

2 &^u0z
2 &50.233, re-

FIG. 13. KDCO3: cut of S(Qx ,Qz,0) alongQx . Comparison of
the measured profile~solid line with invisible error bars! to the best
fit ~dash line! obtained with a harmonic profile~u0x

2 50.91
31022 Å 2, \v0x5920 cm21! and 16 triangular functions~solid
line and* ! attributed to other scattering processes.~—j—!: calcu-
lated as the sum of two Gaussian profiles withU0x

2 50.5
31022 Å 2 ~70%! andu0xD

2 50.5831022 Å 2 ~30%!, respectively.
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spectively. The proton dynamics are thus amenable to
monic oscillators within;10% accuracy. This is anothe
confirmation that multiple-scattering effects, which shou
decreasê p0

2& and/or ^u0
2&, were negligible for both tech-

niques, and that the proton dynamics in the ground state
largely decoupled from the lattice.31

The harmonic character of the stretching mode grou
state is not in conflict with the large anharmonicity of th
asymmetric double-well potential derived from vibration
spectra. It merely confirms that the proton delocalization
the ground state~tunneling! is negligible.

The proton mean-square amplitudes obtained in previ
neutron diffraction works at 298 K,23 ;(2.8224
60.0004)1022, (3.027660.0004)1022, and (5.1076
60.0004)1022 Å 2, are greater by a factor of;3–4 than
those obtained from IENS measurements~Table II!. They are
even much greater than anticipated if the protons w
coupled to the lattice. Presumably, the mean-square am
tudes should be substantially reduced for diffraction exp
ments performed at low temperature.

3. The deuteron dynamics

For KDCO3, coherent and incoherent scattering cannot
distinguished easily~Fig. 4!. Nevertheless, cuts alongQx and
Qz can be decomposed into Gaussian profiles and triang
functions ~Figs. 13, 14 and Table II!. Owing to the large
number of triangular functions, the decomposition could
not unique and the uncertainties given in Table II are c
tainly underestimated. There is no evidence for quantum
terferences similar to those observed for the hydrogena
analog. However, this is not conclusive because of the m
Bragg-like peaks.

The most significant information is provided by the wid
of the Gaussian profiles that comprise incoherent scatter
mainly by D atoms, and unresolved coherent scattering by
O, and C atoms~Table I!. The relative contributions of the
D, C, and O atoms to the total intensity are;30% ~D!, 20%
~C!, and 50%~O!.

The mean-square amplitudes for the O and C atoms
rived from x-ray diffraction at 95 K are similar:U0x

2 ;

FIG. 14. KDCO3: cut of S(Qx ,Qz,0) alongQz . Comparison
of the measured profile~solid line with invisible error bars! to
the best fit ~dash line! obtained with a harmonic profile~u0z

2

52.3131022 Å 2, \v0z5360 cm21! and 11 triangular functions
~solid line and* ! attributed to other scattering processes.~—j—!:
calculated as the sum of two Gaussian profiles withU0z

2 52.5
31022 Å 2 ~70%! and u0zD

2 50.9231022 Å 2 ~30%!, respectively.
~—d—!: Gaussian profile calculated withu0z

2 53.431022 Å 2.
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0.531022 Å 2 and U0z
2 ;2.531022Å 2.22 They correspond

to dynamics mainly at rather low frequency~,200 cm21!
for which the CO3

22 entities can be regarded as rigid bodi
On the other hand, the mean-square amplitudes for th
atoms can be estimated within the harmonic approxima
from Table II asu0xD

2 5u0xH
2 /&;0.5831022 Å 2 and u0zD

2

5u0zH
2 /&;0.9231022 Å 2.

If the D and carbonate dynamics were decoupled, the
served profiles should be the sum of two Gaussian pro
with U0

2 ~;70%! andu0D
2 ~;30%!, respectively. The calcu

lated profile along the stretching mode direction is mu
broader than the best fit~see Fig. 13!. Clearly, decoupled
dynamics for D and CO3

22 entities must be rejected. Alon
the z direction, the calculated profile is only slightly broad
than the best fit~see Fig. 14! and it is not possible to con
clude firmly.

If the D atoms ride the rigid carbonate entities, the me
square amplitude should beU0

21u0D
2 . Along the stretching

mode direction, the calculated mean-square amplit
(1.0831022 Å 2) compares favorably to the estimate
Table II and suggests that the dynamics are effectiv
coupled. Along the out-of-plane bending direction, t
Gaussian profile calculated withu0z

2 53.431022 Å 2 is only
slightly narrower than the best fit~see Fig. 14! and it is again
difficult to conclude. However, it would be surprising if th
dynamics were coupled along the hydrogen bond and de
pled perpendicular to this direction.

V. CONCLUSION

Incoherent elastic neutron scattering measured with si
crystals of KHCO3 and KDCO3 reveal quantum aspects
the vibrational dynamics of protons and deuterons. Class
normal coordinates apply only to coupled pairs of boso
For coupled pairs of fermions, the symmetric and antisy
metric vibrational ground states must be regarded as sin
and triplet states, respectively, according to the Pauli p
.
D
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ciple. The spin correlation for indistinguishable proto
gives rise to quantum interference. This quantum entan
ment is reminiscent of the Einstein-Podolsky-Ros
paradox.32 A major consequence is that the dynamics of pa
of indistinguishable fermions are not correlated to the crys
lattice. This can be regarded as a quantum correction to
classical normal coordinates.

For KHCO3, incoherent elastic neutron-scattering profil
along the various degrees of freedom of the protons are
represented, in accord with the crystal structure, with
interference patterns for indistinguishable fermions. The s
correlation imposed by the symmetry of the normal coor
nates occurs essentially parallel to the~103! planes. It is
independent of the local symmetry of the crystal and of
distance between scatterers. Neutrons are scattered c
ently by lines of protons alongQy ~n OH! or Qx ~d OH and
g OH!. Within experimental errors, the protons are n
coupled to the heavy atoms and quantum coherence oc
on a rather long time scale compared to that of the lat
dynamics. The mean-square amplitudes for the proton os
lators compare favorably to previous INS~Ref. 10! and NCS
~Ref. 21! measurements. The proton dynamics are amen
to isolated harmonic oscillators and this conclusion is larg
model independent.

For KDCO3, the elastic profiles are well represented w
boson oscillators. The mean-square amplitudes suggest
deuteron and lattice dynamics are correlated. This is cle
evidenced for the stretching coordinate. For the out-of-pla
coordinate, the analysis is hampered by the lack of accu
diffraction measurements at low temperature.
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~Hermann, Paris, 1977!, Vol. I, p. 576.

31M. Warner, S. W. Lovesey, and J. Smith, Z. Phys. B51, 109
~1983!.

32A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev.47, 777
~1935!.


