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Inelastic neutron scattering study of the localized dynamics of protons in KHCO3 single crystals
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In the crystal of potassium hydrogen carbonate (KHCO3) all OH¯O hydrogen bonds are equivalent and
virtually parallel to each other. The inelastic incoherent scattering function measured with oriented single
crystals is presented as maps of intensity for energy transfer values corresponding to proton vibrations. All
maps resemble those anticipated for harmonic oscillators with effective masses close to 1 amu. Contributions
from the lattice dynamics, vibrational coupling with heavy atoms, anharmonicity, mixing of states, and Fermi
resonance are analyzed. It is concluded that anharmonicity plays a major role and proton dynamics cannot be
represented with normal coordinates within the harmonic force-field approximation.
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I. INTRODUCTION

In attempting to account for vibrational spectra, it
widely accepted that dynamics of atoms and molecules
reasonably well represented with quantized normal coo
nates arising from harmonic force-fields which describe t
certain approximation complex multidimensional potenti
in molecules and crystals.1–6 The determination of such
force-fields requires a full analysis of spectral profiles:
normal frequencies give the eigenvalues of the dynam
matrix, and the band intensities are related to the eigen
tors. However, owing to the complexity of interaction
photons with matter, band intensities measured with opt
techniques~namely, infrared and Raman! cannot be fully ex-
ploited because the relevant transition moment operators
largely unknown and they are poorly calculated even w
the most advanced quantum chemistry methods. Co
quently, force fields refined with respect to the observed
quencies only are largely underdetermined, even w
complementary information is obtained from other types
experiments.

This difficulty is partially overcome with the incoheren
inelastic neutron scattering~INS! technique. The intensity fo
a normal mode is related to the mean square amplitud
displacement~MSD! scaled by the nuclear cross section f
each atom. The incoherent scattering cross section for
tons being about one order of magnitude greater than for
other atom, the measured intensity for hydrogenous sam
0163-1829/2002/66~18!/184302~10!/$20.00 66 1843
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is virtually proportional to the scattering function for hydro
gen atoms. In principle, the dynamics of other atoms rem
largely unknown. However, within the force-field represe
tation, the mean position of a hydrogen atom oscillating a
high frequency~internal mode! follows adiabatically the
slow lattice vibrations corresponding to translational and
brational motions of the heavy molecular entities. This p
ton riding enhances the intensity for the lattice modes a
thus provides information on these dynamics.

For rather ‘‘soft’’ molecular crystals, the lattice and inte
nal vibrations are well separated and the total scatte
function that is measured can be written as a convolution
the scattering functions for the lattice and internal mod
respectively,7–13

S~Q,v!5SL~Q,v! ^ SM~Q,v!. ~1!

The momentum transfer vector isQ5k02kf with uk0u
52p/l0 andukfu52p/l f , wherel0 andl f are the incident
and scattered wavelengths, respectively. The neutron en
transfer is\v. The band intensity for each internal vibra
tional mode is depressed by the lattice Debye-Waller fac
exp@22WL(Q)# and the missing intensity is redistribute
amongst phonon wings corresponding to combinations w
the lattice modes.14 Consequently, the zero-phonon transitio
of intramolecular modes at high energy and moment
transfer should be hardly visible and the spectral pro
should be dominated by phonon-wings. However, in so
©2002 The American Physical Society02-1
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molecular crystals internal modes at high frequency
clearly observed for surprisingly largeQ-values. For ex-
ample CH stretching modes for a crystal of hexamethyle
tetramine were observed at'2900 cm21 for uQu.13
Å 21.8–11 In that case, the decoupling of internal and exter
motions was supposed to be a consequence of the very
frequency ratio for these modes.

The potassium hydrogen carbonate (KHCO3) crystal
~Fig. 1! has also revealed significant decoupling of the int
nal and lattice modes. In this prototypical system for IN
studies all protons are equivalent and hydrogen bonds
virtually parallel to each other.15–17 Vibrational spectra of
KHCO3 and KDCO3 have been thoroughly investigated.18–23

The INS spectrum of KHCO3 is rather simple. It is largely
dominated by the internal bending modes of the proto
However, the spectral profile could not be represented w
conventional harmonic force-fields based on the vale
bond picture.21 The intensity observed for lattice-modes b
low 200 cm21 is rather weak compared to the proton ben
ing modes~for example, at'1000 and 1350 cm21) and this
was regarded as straightforward evidence that dynamics
protons and heavy atoms are largely decoupled. This con
sion was further confirmed by simulation of the spectral p
file with empirical force-fields. The spectra were best rep
sented with localized proton modes in a ‘‘fixed’’~laboratory!
referential frame. The bending modes of the protons are
dependent of both hydrogen bond and CO3

22 vibrations and
the effective oscillator masses are equal to 1 amu. So far
physical origin of these dynamics is not well established.
the other hand, the INS spectral profile in the 200 cm21

region is more ambiguous since intensity arising from m
ing of the OH and Ō O stretching coordinates cannot b
distinguished from the tunnelling transition, anticipated
the same frequency range, for proton transfer within a q

FIG. 1. Schematic view of the crystalline structure of KHCO3 at
14 K after Ref. 17. The carbonate moieties linked by modera
strong hydrogen bonds with length ŌO52.59 Å from planar cen-
trosymmetric dimer entities (HCO3

2)2 ~Refs. 15–17!. The dimers
are located at Ci sites with their midplanes parallel to the~3̄01!
planes, at 42° with respect to the (a,b) planes. The structure re
mains unchanged from 298 K to 14 K and there is no proton
order at low temperature.
18430
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Because the crystal structure and vibrational spectra

dence rather weak interaction between dimeric entit
KHCO3 can be regarded as a test example for modell
with quantum chemistry methods. However, we are
aware of any published simulation of the vibrational dyna
ics for this system. To the best of our knowledge, even
most advanced methods for quantum mechanical calc
tions of force-fields for such hydrogen bonded systems h
not yet reached the level of accuracy required for direct co
parison with the observed spectra.

In order to obtain a more focused view of the prot
dynamics we have carried out new INS measurements, o
rather large momentum and energy transfer ranges, on si
crystals of KHCO3. These experiments are complementa
to previous measurements21,22 of a narrow slice of the~Q,v!
space along the trajectory\v'\2uQu2/2mn , where mn is
the neutron mass.24 With these new data we can determin
the MSD’s of H atoms and the effective oscillator mass
each internal mode. Furthermore, we can analyze the co
quences of usual concepts of vibrational spectroscopy~nor-
mal coordinates, mixing of states, Fermi resonance! to the
scattering function.

In the next section the approximations used for the ana
sis of the scattering function are presented. Experimental
tails are given in Sec. III. In Sec. IV partial views of th
measured scattering function are presented as maps of in
sity for the internal transitions involving significant displac
ments of H atoms. Fundamentals, overtones and comb
tions are distinguished. In the last section~V! the MSD’s
estimated for each mode are compared to those for harm
oscillators. The contribution of anharmonic coupling a
Fermi resonance is also presented. Finally, we conclude
anharmonic coupling between excited vibrational states
fers a better representation of the internal dynamics
KHCO3 dimers than the usual normal coordinates.

II. THE PROTON CRYSTAL APPROXIMATION

From the standpoint of the INS spectrum, KHCO3 can be
regarded to a good approximation as a crystal of equiva
protons so weakly coupled to the surrounding atoms that
framework of carbonate and potassium ions can be virtu
ignored.21 The dynamical model is thus greatly simplified. A
low temperature (kT!\v i f ), the scattering function for un
coupled protons including multiple phonon-creation pr
cesses can be rewritten as

SH~Q,v!5u^C f~r !uexp~ iQ.r !uC i~r !&u2d~v2v i f !, ~2!

whereC i andC f are the wave functions, depending on t
spatial coordinater , in the initial and final states, respec
tively. INS spectral profiles inQ measured at energy transfe
\v i f contain spatial information on the wave functionsC i
andC f , and thus on the effective potentialV(r ) experienced
by H atoms.25 This information cannot be obtained with op
tical techniques limited to negligibly smalluQu values. This
information could not be obtained either in previous IN
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INELASTIC NEUTRON SCATTERING STUDY OF THE . . . PHYSICAL REVIEW B 66, 184302 ~2002!
experiments.21 Moreover, with powdered samples it was im
possible to determine the spatial orientation of the displa
ment vectors for H atoms.

In the KHCO3 crystal the proton modes are parallel to t
principal axes of the dimers:x for the stretching~n OH!, y
for the in-plane bending~d OH!, andz for the out-of-plane
bending~g OH!, as shown in Fig. 1.22,23Within the harmonic
approximation, the proton wave functionsCn(r ) can be fac-
torized asCnx(x)Cny(y)Cnz(z) and the scattering function
for the u0&→una& transition of an isolated harmonic oscilla
tor in 1D is

Sna
~Qa ,v!5

~Qa
2u0a

2 !na

na!
exp~2Qa

2u0a
2 !d~v2nav0a!,

a5x,y or z. ~3!

The mean-square amplitudeu0a
2 in the ground state de

pends on the massm and frequency\v0a as

u0a
2 5^C0~a!ua2uC0~a!&5

\

2mv0a
. ~4!

The scattering function for theu000&→unxnynz& transition
in a single crystal of protons can be written as

SH~Qx ,Qy ,Qz ,v!5S̄nx
~Qx!3S̄ny

~Qy!3S̄nz
~Qz!

3d@v2~nxv0x1nyv0y1nzv0z!#;

~5!

with the scattering amplitude,

S̄na
~Qa!5

~Qa
2u0a

2 !na

na!
exp~2Qa

2u0a
2 !, a5x,y or z.

~6!

For Qa
2u0a

2 5na , the intensity is a maximum proportional t
(na

na/na)exp(2na).
The powder averaged density of states for lattice mode

KHCO3 can be represented with a broad continuum cente
at '100 cm21 and a full width at half height of
'100 cm21.21 For a powdered sample phonon wings sho
appear as a regular progression of side bands shifted upw
by 100, 200, 300, . . . cm21 with respect to the zero-phono
component. For measurements performed with a single c
tal a full analysis of the lattice anisotropic density-of-sta
should be necessary to account for phonon-wings.

We have measured the scattering function of KHCO3 for
various planes in reciprocal space: (Qi ,Qj ) andQk50, with
i , j or k5x,y or z. For each transition the intensity was in
tegrated over a rather narrow slice in energy transfer
640 cm21, which is largely free of phono-wing contribu
tions. Any influence from the lattice modes will be to in
crease the impact of the Debye-Waller factor in suppress
intensity and this will become more apparent at the hig
values ofQ.

Graphics views of the maps of intensity for energy tra
fer values corresponding to proton modes confirm the or
tation of the displacement vectors. Fitting procedures yi
18430
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the effective MSD (ua
2) for each vibration and the effectiv

oscillator mass obtained with Eq.~4!. It transpires that proton
dynamics for the bending modes correspond very closel
isolated harmonic oscillators with a mass of 1 amu. In ad
tion, theQ-profiles provide direct information on the vibra
tional wave function and phenomena arising from anh
monic coupling terms are tentatively analyzed.

III. EXPERIMENTAL DATA

Three single crystals with cylindrical shapes~diameter
'1 cm, length'3 cm! have been studied at 20 K. The cy
inder axes were oriented either perpendicular to the dim
planes ~sample I! or parallel to theb or a crystal axes
~samples II and III, respectively!. Elastic scattering measure
ments performed on the same samples were repo
previously.23 It was shown that multiple elastic scatterin
effects are negligible, owing to the sample geometry and
the characteristics of the spectrometer. Multiple scatter
events involving inelastic processes are even less proba

The MARI spectrometer at the ISIS pulsed neutr
source26 is a direct geometry spectrometer. The detect
continuously cover angles from 3° to 135°, all with the sam
length of secondary flight path. The incident energy wasEi
'4000 cm21 (l i'0.4 Å) with a resolutionDEi /Ei'2%.
For each sample, dimer planes were either parallel or perp
dicular to the plane containing the detector bank and
incident beam.

Measurements were carried out in such a way thatQ was
either parallel (Qz50) or perpendicular (Qx or Qy50) to
the mean plane of the dimers~Fig. 1!. For each sample, the
orientation of the crystal with respect to the incident be
was changed from 0 to 180°, by steps of 15°, in order
probe a half-plane in reciprocal space. The time-of-flig
data were converted from counts per channel per angl
S(Qi ,Qj ,v) with standard procedures.27 For each run the
detectors were grouped together into roughly equalQ-bins. A
cylindrical vanadium sample was measured in order to c
rect for detector efficiency and solid angle. A few poor d
tectors were eliminated. The background obtained with
sample in the beam was subtracted. TheS(f,v) was created
with the SPEAL code and then converted into t
S(Qi ,Qj ,v).26 In order to improve the signal to noise ratio
the data were rebined withD\v540 cm21 and DQ
51 Å21.

The symmetrized maps of intensity obtained at vario
energy-transfer values\v are referred to asS(Qx ,Qy ,v),
S(Qx ,Qz ,v) and S(Qy ,Qz,v), for samples II, III, and I
respectively. According to the crystal structure the OH bon
are not exactly aligned to theQx direction ~Fig. 1!, but the
small deviations give only a marginal uncertainty on the
genvector orientation for each mode.

As long as the energy of incident neutrons remains sm
compared to the dissociation energy of the protons, the s
tering function for any transition depends only on energy a
momentum transfer values. The incident energy of 40
cm21 used in the experiments with the MARI spectrome
is fully compatible with this approximation. Therefore, th
data presented below refer to the same scattering functio
2-3
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that measured previously over a much more limited mom
tum transfer range.21

IV. MAPS OF INTENSITY

In the KHCO3 crystal the contribution of intra and inter
dimer coupling terms can be distinguished with optical a
INS techniques. Symmetry species arising from intradim
terms are infrared (Bu) or Raman (Ag) active. The splitting
ranges from 60 to 40 cm21 for proton vibrations.18–20 With
INS, there is no symmetry-related selection rules and b
species contribute to the spectra. However, in the exp
ments under consideration in this present report, the b
splitting were not resolved and intradimer coupling ter
were ignored.

The INS technique probes the density-of-states aris
from interdimer coupling terms, whilst optical techniques a
specific to the center of the Brillouin zone. As the INS ban
and their counterparts in the infrared have similar bread
interdimer coupling terms are negligible. Therefore, pro
dynamics are represented with single proton oscillators in
remainder of this work.

A. OH bending

The maps of intensity for the bending modes~see Figs
2–6! are in good agreement with Eq.~5!. Within experimen-
tal errors, the proton displacement vectors for the norm
modes are parallel to thex, y andz directions.

For theg OH at 960 cm21,18–21 the maps correspond t
those anticipated for theu000&→u001& transition~see Figs. 2
and 3!. Elastic scattering is observed alongQy ~Fig. 2! or Qx
~Fig. 3!. There is no visible inelastic contribution alongQx or
Qy .

The bands at 1360 and 1600 cm21 have been assigne
to coupled displacements along thed OH and carbonate
stretching coordinates (na CO3 and na8 CO3, respec-
tively!.18–21However, the maps presented in Figs. 4, 5, an
are very close to the ideal scattering function for theu000&
→u010& transition of a proton harmonic oscillator. The inte
sity observed alongQx or Qz at Qy50 is close to zero within
statistical errors. Therefore, contribution of the stretch
and out-of-plane bending coordinates to these transition
doubtful. The effective oscillator masses of'1 amu are ap-
parently in conflict with previous assignment schemes
these modes. Within the framework of the harmonic fo
field, the normal coordinates for the modes at 1360 and 1
cm21 ~says8 ands, respectively! should be linear combina
tions of internal coordinates,

s85u8~na8 CO3!1v8~d OH!1¯

ands5u~na CO3!1v~d OH!1¯.

Then, the effective masses for these normal oscilla
should be much greater than 1 amu. However, the maxim
intensity at Qy'9 Å21 in Figs. 4 and 5, and atQy
'10 Å21 in Fig. 6, correspond to effective masses ve
close to 1 amu. Therefore, there is no visible contribution
displacements of the C and O atoms. This new assignm
18430
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scheme for the band at 1600 cm21 could not be derived from
previous INS experiments. This is a further confirmation
the decoupling of thed OH and CO3 coordinates.

As an alternative approach, we suppose that the coo
natesna CO3, na8 CO3, and d OH are uncoupled in the
ground state and the wave function can be factorized as

C0~naCO3!C0~na8CO3!C0~dOH!¯.

In the excited states anharmonic coupling terms~see below!
may combine the wave functions for the internal coordina
as

C16005@pC1~na CO3!1qC1~d OH!1¯#C0~na8 CO3!¯

and

FIG. 2. S(Qy ,Qz,960): Qy is parallel to the dimer planes alon
the b crystal axis andQz perpendicular to the dimer plane. Intens
ties were integrated over 920 cm21,\v,1000 cm21. Landscape
view ~top! and isointensity contour map~bottom!.
2-4
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C13605@p8C1~na8 CO3!

1q8C1~d OH!1¯#C0~na CO3!¯.

The contribution of C and O atoms to the total intensity
negligible because of their small cross sections. Moreo
the maximum of the scattering function for such heavy
cillators is at a very largeQ value, beyond the measure
range. Consequently, the observable part of the scatte
function is

S~Q,v!;q82S̄1~QdOH!d~\v21360!

1q2S̄1~QdOH!d~\v21600!1¯. ~7!

For both transitions, the scattering function is proportiona
that of the proton oscillatord OH. As opposed to this, the
infrared and Raman bands at 1360 and 1600 cm21 are

FIG. 3. S(Qx ,Qz,960): Qx is parallel to the dimer and (a,c)
planes.Qz is perpendicular to the dimer plane. Intensities we
integrated over 920 cm21,\v,1000 cm21. Landscape view~top!
and isointensity contour map~bottom!.
18430
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largely dominated by the CO3 stretching vibrations which
hide the weakerd OH intensity.18 It appears clearly tha
bands observed with different techniques at the same
quencies do not correspond necessarily to the same a
displacements.

B. Overtone and combination

For theg OH overtone at 1840640 cm21 the map corre-
sponds to the scattering function for theu000&→u002& transi-
tion ~Fig. 7!. Compared to the fundamental transition~Fig. 3!
the maxima of intensity alongQz are shifted from'67.5
to '610.5 Å21, as anticipated for an oscillator mass
'1 amu.

For energy transfer at (2320640) cm21 the map in the
(Qy ,Qz) plane corresponds to the two-quantag OH1d OH
combination: u000&→u011& ~Fig. 8!. The four maxima ob-
served atQy'610 Å21 andQz'68 Å21 with equal inten-
sities could have been anticipated from the product of

FIG. 4. S(Qy ,Qz,1360):Qy is parallel to the dimer planes alon
theb crystal axis andQz is perpendicular to the dimer plane. Inten
sities were integrated over 1320 cm21,\v,1400 cm21. Land-
scape view~top! and isointensity contour map~bottom!.
2-5
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scattering functions for theu000&→u001& and u000&→u010&
transitions presented in Figs. 2 and 4.

C. OH stretching

The map forS(Qx ,Qy,2560640) is a superposition of the
scattering functions for then OH ~u000&→u100&! and d OH
overtone~u000&→u020&! ~Fig. 9!. Relative intensities at maxi
mum alongQx andQy are in proportion to;1:0.7, in accor-
dance with the ideal ratio of 1:0.736 given by Eqs.~5! and
~6! for proton oscillators. The mixing of the OH and ŌO
coordinates21 is not confirmed.

V. DISCUSSION

A. Mean-square displacements

The MSD’s obtained from the best fits, with Eq.~3!, to
cuts, alongQx , Qy or Qz , of the maps of intensity are gath
ered in Table I.

FIG. 5. S(Qx ,Qy,1360): Qx is parallel to the dimer and (a,c)
planes.Qy is parallel to the dimer planes along theb crystal axis.
Intensities were integrated over 1320 cm21,\v,1400 cm21.
Landscape view~top! and isointensity contour map~bottom!.
18430
For the g OH transition the observed profile alongQz
is slightly more depressed at largeQ values than anticipated
for an isolated-proton harmonic-oscillator@u0z

2 51.75
31022 Å2, see Fig. 10~a!#, but the difference is not signifi-
cantly outside the range of statistical errors. The best fit gi
uz

25(1.9560.10)1022 Å2 @see Fig. 10~b! and Table I# and
an effective mass of~0.960.1! amu.

The uz
2’s obtained for different crystal orientations a

quite similar ~see Table I!. In the (Qx ,Qz) plane they are
virtually identical for theu000&→u001& andu000&→u002& tran-
sitions and, from this standpoint, there is no evidence
potential anharmonicity. In the (Qy ,Qz) plane theuz

2 esti-
mated from theu000&→u001& transition is slightly greater,
whilst the elastic scattering profile of theu000&→u010& tran-
sition gives a significantly smaller value, very close to th
for the harmonic proton oscillator.

FIG. 6. S(Qx ,Qy,1600): Qx is parallel to the dimer and (a,c)
planes.Qy is parallel to the dimer planes along theb crystal axis.
Intensities were integrated over 1560 cm21,\v,1640 cm21.
Landscape view~top! and isointensity contour map~bottom!. Ow-
ing to the rather poor count statistics intensities were smoothed
2-6
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The uz
2 values in Table I cannot be rationalized with th

rather weak potential anharmonicity estimated from
comparison of the frequencies for theu000&→u001& and
u000&→u002& transitions. The dispersion of numerical valu
is likely to reflect experimental imperfections. Howeve
among many sources of error, accidental corruption of thg
OH oscillator byd OH or n OH displacements due to mis
alignment of the samples can be rejected. This should
crease the apparentuz

2 , compared tou0z
2 . Instead of that,

estimated values are systematically greater thanu0z
2 . Simi-

larly, multiple scattering events should broaden the obser
profiles inQ and give smalleruz

2 values.
The averaged effective oscillator mass of~0.960.05! amu

confirms that this mode is very localized and virtually free
mixing with internal coordinates involving heavy atom
Both the potential anharmonicity and the lattice Deby
Waller factor may decrease the effective mass~increase the

FIG. 7. S(Qx ,Qz,1840): Qx is parallel to the dimer and (a,c)
planes.Qz is perpendicular to the dimer plane. Intensities we
integrated over 1800 cm21,\v,1880 cm21. Landscape view
~top! and isointensity contour map~bottom!.
18430
e

e-
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MSD! compared to the bare proton oscillator. However, it
not straightforward to unravel these contributions. To t
least, the valuesDz5uz

22u0z
2 in Table I can be regarded a

an upper bound for the contribution of lattice modes to
MSD’s for protons.

Similar conclusions apply to thed OH vibration, albeit
with relatively greater statistical errors~see Table I!. The
MSD’s are also systematically greater than anticipated
the harmonic proton oscillator. There is no clear evidence
potential anharmonicity and mixing with internal coordinat
involving heavy atoms can be ignored. Therefore, theDy’s
could be also representative of the contribution of latt
modes.

For the OH-stretching allDx values but one were obtaine
from elastic profiles and we have not enough information
account for the very broad band for this mode.18–20,28,29

In order to obtain more confidence in theDa values, a
direct estimation of the effective contribution of the lattic

FIG. 8. S(Qy ,Qz,2320):Qy is parallel to the dimer planes alon
the b crystal axis andQz perpendicular to the dimer plane. Intens
ties were integrated over 2280 cm21,\v,2360 cm21. Landscape
view ~top! and isointensity contour map~bottom!.
2-7
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FIG. 9. S(Qx ,Qy,2560): Qx is parallel to the dimer and
(a,c) planes.Qy is parallel to the dimer planes along theb crystal
axis. Intensities were integrated over 2520 cm21,\v
,2600 cm21. Landscape view~top! and isointensity contour map
~bottom!.
18430
modes,^ua
2& l , was carried out with the scattering functio

including the lattice Debye-Waller factor explicitly,

Sna
~Qa ,v!5

~Qa
2u0a

2 !na

na!
exp@2Qa

2~u0a
2 1^ua

2& l !#

3d~v2nav0a!. ~8!

FIG. 10. Cut ofS(Qx ,Qz,960) atQx50. Comparison of the
measured profiles~solid lines with error bars! to harmonic profiles
~dash line!, calculated with Eq.~3!. ~a! u0z

2 51.7531022 Å2 (\v
5960 cm21 for an isolated proton!. ~b! Best fit obtained withuz

2

51.9531022 Å2 (\v5860 cm21 for an isolated proton!. The
dashed lines with error bars are differences between observed
calculated profiles.
of
ude
TABLE I. Estimated mean-square amplitudes in planes (Qi ,Qj ) at energy transferE from the best fits to the observed profiles
intensity. The harmonic frequencies were estimated for isolated proton oscillators.D i is the difference between the mean square amplit
derived from the best fit and that for an isolated harmonic oscillator at the same frequency with an effective mass of 1 amu.

(Qi ,Qj) E ~cm21! Transition ux
2(1022 Å 2) \vx ~cm21! Dx uy

2(1022 Å 2) \vy ~cm21! Dy uz
2(1022 Å 2) \vz ~cm21! Dz

g OH (Qx ,Qz) 960640 u000&→u001& 0.9560.10 17606200 0.3060.10 ¯ ¯ • 1.9560.10 860650 0.2060.10

g OH (Qy ,Qz) 960640 u000&→u001& ¯ ¯ ¯ 1.4060.1.0 1200670 0.1760.10 2.0760.10 810650 0.3260.10

23g OH (Qx ,Qz) 1840640 u000&→u002& 1.0560.10 16006150 0.4060.10 ¯ ¯ ¯ 2.0060.10 840650 0.2560.10

d OH (Qx ,Qy) 1360640 u000&→u010& 1.0560.10 16006150 0.4060.10 1.4860.10 1130680 0.2560.10 ¯ ¯ ¯

d OH (Qy ,Qz) 1360640 u000&→u010& ¯ ¯ ¯ 1.4960.10 1125680 0.2660.10 1.8560.10 905650 0.1060.10

d OH (Qx ,Qy) 1600640 u000&→u010& ¯ ¯ ¯ 1.2060.20 14006200 0.2060.20 ¯ ¯ ¯

n OH (Qx ,Qy) 2560640
u000&→u100&

u000&→u020& 0.9760.10 17306200 0.3260.10 1.5960.10 10506100 0.3660.10 ¯ ¯ ¯
2-8
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The best fits to the data gave^ua
2& l values very similar to the

Da’s given in Table I.
For a crystal free of static disorder like KHCO3 at

low temperature, the thermal factors derived from diffra
tion techniques are representative of the lattice dynam
The thermal factors for the H atoms determined fro
neutron diffraction data at 14 K~Ref. 17! are: ^ux

2&diff

51.3431022 Å2, ^uy
2&diff51.5431022 Å2, and ^uz

2&diff
51.7231022 Å2, with mean-square deviations of'2
31024 Å2. For the bending modes these values are virtua
equal to those anticipated for harmonic proton oscillato
They are very similar to those estimated from incoher
elastic scattering given in Table I. For the stretching mo
the discrepancy is greater but the INS data may be not
ficiently accurate to be conclusive.

B. Anharmonic coupling

For hydrogen bonds anharmonic coupling may contrib
to complex band shaping mechanisms, like Fer
resonance.18–20,28,29As long as interdimer coupling terms a
ignored, the local potential for a dimer entity can be e
panded as

V~x,y,z, . . . !5V0~x,y,z, . . . !1W11~x,y,z, . . . !

1W12~x,y,z, . . . !1 . . . .

V0 is the harmonic part of the potential expressed with n
mal coordinatesx, y, z, . . . , andW11, W12, . . . are anhar-
monic perturbation terms of different orders.

In the ground state, the zero-order wave function can
factorized as0C0(x)0C0(y)0C0(z)¯. Within perturbation
theory, the zero-order harmonic wave functions in the fi
excited states ofx, 0C1(x), and y, 0C1(y), are mixed by
antisymmetric anharmonic coupling terms inW11 as

1C1~x,y!5p11
0C1~x!1q11

0C1~y!,
~9!

2C1~x,y!52q11
0C1~x!1p11

0C1~y!,

with p11
2 1q11

2 51. The zero-order energy levelsEx1
0 andEy1

0

are shifted apart toE11
1 andE11

2 ,30

E11
6 5 1

2 ~Ex1
0 1Ey1

0 !6A 1
4 ~Ex1

0 2Ey1
0 !21uW11

xyu2; ~10!

with W11
xy5^0C1(x)uW11(x,y)u0C1(y)&. If both x andy are

proton coordinates, then

S~Qx ,Qy ,v!5up11̂
0C0~x!uexp~ iQxx!u0C1~x!&

1q11̂
0C0~y!uexp~ iQyy!u0C1~y!&u2

3d~\v2E11
1 !

1u2q11̂
0C0~x!uexp~ iQxx!u0C1~x!&

1p11̂
0C0~y!uexp~ iQyy!u0C1~y!&u2

3d~\v2E11
2 !. ~11!

Since all matrix elements are imaginary we obtain
18430
-
s.
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.
t
e
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e
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-
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e

t

S~Qx ,Qy ,v!5$p11
2 S̄1x

~Qx!1q11
2 S̄1y

~Qy!

12p11q11AS̄1x
~Qx!S̄1y

~Qy!%d~\v2E11
1 !

1$q11
2 S̄1x

~Qx!1p11
2 S̄1y

~Qy!

22p11q11AS̄1x
~Qx!S̄1y

~Qy!%

3d~\v2E11
2 !. ~12!

The terms proportional top11q11 account for interference
effects between the coupled wave functions. The scatte
function is no longer symmetrical with respect toQx and
Qy . On the basis of numerical simulations, we conclude t
there is no evidence of such effects in the maps of intens

If one of the coordinates, sayx, corresponds to proton
displacements, sayd OH, and the other coordinate corre
sponds to a CO3 vibration with negligible contribution to the
total intensity, Eq.~12! gives

S~Qx ,v!5p11
2 S̄1x

~Qx!d~\v2E11
1 !

1q11
2 S̄1x

~Qx!d~\v2E11
2 !. ~13!

The anharmonic coupling gives simple redistribution
the proton intensity among the perturbed levels. This eq
tion has some similarity with Eq.~7! but the complex mixing
of thed OH with two (na andna8) CO3 coordinates is beyond
the two-state approximation used in this section.

C. Fermi resonance

Fermi resonance between the OH stretching mode and
d OH overtone occurs when the zero-order wave functio
0C1(x) and 0C2(y) are mixed by anharmonic terms i
W12, in the same way as in Eq.~9!

1C12~x,y!5p12
0C1~x!1q12

0C2~y!,
~14!

2C12~x,y!52q12
0C1~x!1p12

0C2~y!,

with p12
2 1q12

2 51. The zero-order energy levelsEx1
0 andEy2

0

are shifted toE12
1 andE12

2 .31 The scattering function is analo
gous to Eq.~11!, but the matrix elements are now either re
or imaginary and terms proportional top12q12 vanish,

S~Qx ,Qy ,v!5@p12
2 S̄1x

~Qx!1q12
2 S̄2y

~Qy!#d~\v2E12
1 !

1@q12
2 S̄1x

~Qx!1p12
2 S̄2y

~Qy!#d~\v2E12
2 !.

~15!

Fermi resonance is a simple redistribution of the total
tensity among the two levels. If the two states are not
solved the map of intensity is a superposition of the scat
ing functions for each transition. This is exactly what
observed in Fig. 9 and it is not possible to conclude whet
Fermi resonance takes place or not. If it does occur,
splitting is certainly smaller than the actual resolution
640 cm21.
2-9
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VI. CONCLUSION

The observed maps of intensity are very similar to tho
anticipated for harmonic proton oscillators parallel to t
main axes of the dimer entities. There is no visible mixing
the proton coordinates with internal coordinates for hea
atoms and the proton bending modes are largely decou
from the lattice dynamics. The bands at 1360 and 1600 cm21

appear as pured OH modes with effective masses of 1 am
The INS scattering function of KHCO3 is very close to that
of a crystal of protons in a virtually rigid and transpare
matrix. These dynamics are quite in accordance with pre
ous normal mode analysis of the INS spectrum.21 Further-
more, the new assignment scheme for the INS band at 1
cm21 emphasizes the decoupling of thed OH vibration. The
physical origin of the decoupling of the proton dynamics
still largely opened to discussion32 and deserves further in
vestigations.

In contrast to the normal mode analysis for dimensionl
particles within the framework of classical mechanics,
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